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1. INTRODUCTION 
ONE version of the Bore1 density theorem [2] asserts that if G is a connected linear 
semisimple real Lie group without compact factors, and I is a discrete subgroup of G such 
that G/I has finite invariant measure, then I is Zariski dense in G. In this paper we prove an 
analogous result (Theorem 3.7) replacing the condition “G/I has finite invariant measure” 
with the condition “G/I has more than two ends”. There are examples of Zariski dense 
discrete subgroups I c G for which G/I has infinitely many ends (see Section 4), and since 
these spaces have infinite measure, this theorem provides a new non-trivial criterion for 
Zariski density of a discrete subgroup. We also show by example that the criteria “finite 
invariant measure” and “more than two ends” do not exhaust the class of Zariski dense 
discrete subgroups. 
We prove our result by relating the ends of G/I’ to the ends of G/H and H/T, where His 
the Zariski closure of I in G. The simple underlying principle is illustrated by the fibration 
p : R2 -+ R, in which both the base and the fiber have two ends but the total space has only 
one end. In particular, one expects the number of ends of the total space of a locally trivial 
fibration with connected fiber not to exceed the number of ends of either the base or the 
fiber, and if both the base and fiber are non-compact, the total space to have only one end. 
This is indeed the case. Thus we are reduced to considering the spaces G/H and H/T. 
According to a theorem of Bore1 [l], the space G/H has at most two ends, so we need only 
consider the space H/T in the case that G/H is compact. We do this by applying Dani’s 
version [6] of the Bore1 density theorem along with some other results we develop about 
homogeneous paces with more than two ends. 
Using Theorem 3.7 and some results of Witte [20], we describe, in Theorem 3.10, the 
structure of a closed subgroup of a reductive, real algebraic group which has the property 
that the associated quotient has more than two ends. 
In the final section of this paper we give some applications of our results to the theory of 
locally free actions of G on a compact manifold M with codimension-one orbits. For 
example, we show that any locally free, codimension-one action of a connected, non- 
unimodular Lie group is minimal in the sense that every orbit is dense. For actions of real 
algebraic groups we relate the structure of minimal sets to density properties of stabilizers of 
points. This application was the original motivation for studying the ends of G/I’. 
‘This work was supported by an NSF Postdoctoral Research Fellowship. This paper is a substantial revision of the 
original version, which appears as IHES preprint IHES/M/91/22. 
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2. ENDS OF A LOCALLY TRIVIAL FIBRATION 
Let X be a locally compact topological space. We say that a subset of X is unbounded if 
its closure is not compact. For each compact set K c X, let &X,K be the set of unbounded 
connected components of X\K; we give &‘X,K the discrete topology. If K1 c Kz there is 
a natural surjective map Jx,k2 + &X,K, induced by the inclusion X\K2 G X \K, . Let x be 
the collection of all compact subsets of X, ordered by inclusion. Then the space of ends of 
X is the topological space 
Note that we may replace %- by any cofinal subset. We define e(X) to be the cardinality 
of b*. 
Example 2.1. Let A be a closed, totally disconnected subset of S’. Then JS~,A is 
homeomorphic to A. 
LEMMA 2.1. Let p: E -+ B be a proper, surjective, continuous map of locally compact, 
connected topological spaces. Then there is a surjection ~P:c$~ + &rt, which is a bijection if 
each fiber of p is connected. 
Proof Let K be a compact subset of E such that p- ’ (p(K)) = K. We will show that for 
any such K, there is a natural surjection & : bE,K + 8B,ptKj, which is a bijection if every 
fiber of p is connected. 
For U E &E,K, let 4K( U) be the component of B\p(K) containing d(U). This map is 
well-defined since p(U) is connected, unbounded and lies in B\p(K); it is clearly surjective. 
Let U1, Uz E 8E,K and suppose $( U,) = c$( U,) = V. If every fiber of p is connected then the 
preimage p- ’ ( V) is connected, so Vi c p- ’ ( V) c Ut, and Ui = p- ’ ( V). Thus 4 is injective 
if the fibers of p are connected. 
Let .%’ = {K c E 1 K compact, p-‘(p(K)) = K}. Using properties of the inverse limit 
and the fact that the inclusion maps &E,K2 + 8E,K, are surjective, we conclude that 
is a surjection, and a bijection if the fibers of p are connected. 0 
LEMMA 2.2. Let F + E %B be a locally trivial fibration of locally compact, locally 
connected, topological spaces, and suppose that B is connected. 
(1) If F is compact then there is a surjection ofgE onto JBB, which is a bijection if F is 
connected. 
(2) If F is non-compact and connected then there is a surjection of&r onto 8e. 
(3) Zf F and B are both non-compact and connected then E has only one end. 
Proof: If F is compact the map p is proper, so (1) follows from the preceding lemma. We 
assume henceforth that F is non-compact and connected, and we identify F with a particu- 
lar fiber p- ’ (bo). Let K be a compact subset of E. If U is a connected component of F \K let 
&(U) be the connected component of E\K containing U. This gives a well-defined map 
To prove (2) if suffices to show that 4 is surjective, i.e., that every unbounded component of 
BOREL DENSITY THEOREM 233 
E \K intersects an unbounded component of F \K. For this it suffices to show that if I/ is an 
unbounded component of E\K, then b0 E p( V); in particular, it suffices to show that 
p( V) = B. 
Let v’ = {x E VI p-‘(p(x)) n V is not relatively compact}. We will actually show that 
p( V”) = B. To show this it suffices to show: (i) v’ is not empty, and (ii) if W t B is any 
compact, connected set such that p- ’ ( W) admits a trivialization p-‘(W) N W x F,and 
W n p( V’) # 8, then W c p( V’). Indeed, it follows from (i) and (ii) that p( V’) is open, 
closed, and non-empty, and therefore p( v’) = B. 
We first prove (i). If p(V) is compact, then for some x E V, p-‘(p(x)) n V is not 
precompact since Vis unbounded, so x E v’. On the other hand, if p( V) is not compact, then 
for any x E V\p-‘(p(K)), p-‘(p(x)) c V, so x E V’. 
Now we prove (ii). Fix a compact, connected set W c B with a trivialization 
P_‘(W) w W x Fand suppose there is x E V’ such that p(x) E W. Choose a compact set 
L c F such that K n p- ’ ( W) c W x L. Identifying F with p- l(x) and using the fact that 
p-‘(x) n V is not precompact, we let A be an unbounded component of F\L which meets 
p- ’ (p(x)) n V. Then W x A is connected and contained in V, and therefore in V’, so 
w c p( V’). 
Finally, to prove (3), we suppose that B is non-compact; given a compact set K t E we 
choose an x E B such that K n p-‘(x) = 8. Since every unbounded component of E\K 
meets p- l(x), and p-‘(x) is connected, we conclude that E\K has only one unbounded 
component. It follows that E has only one end. q 
Remark 2.2. (1) It may be the case that if B is compact and F is non-compact, the 
number of ends of E is strictly less than the number of ends of F. An example of this is the 
Mobius strip. (2) The lemma is false if the fiber is neither compact nor connected. Covering 
spaces yield a wealth of counterexamples. (3) The lemma is false for homotopy theoretic 
fibrations. (4) Under slightly more restrictive hypotheses Lemma 2.2 may be proved by 
a spectral sequence argument, starting from the observation that 
e(X) = dim(ker(Hi(X) + H’(X))) (cf. [19], Cl]). 
Finally, we recall the following result of Epstein. 
LEMMA 2.3. ([9, Theorem lo]). Let X be a locally compact and locally connected 
topological space. Then the number of ends of a regular injinite covering 8 + X is 0, 1, 2 
or m. 
Epstein proves this when X is a locally finite simplicial complex, but the same proof also 
works when X is locally compact and locally connected. 
3. ENDS OF HOMOGENEOUS SPACES 
We introduce some terminology which we use below. By a real algebraic group we mean 
the set of real points of a linear algebraic group defined over R. If G is a real algebraic group 
we refer to its natural topology as the real points of an algebraic variety as the Zariski 
topology. A real algebraic group has the structure of a Lie group, and we refer to the 
topology associated to its structure as a Lie group as the Lie topology. If G is a Lie group or 
a real algebraic group we denote by Go the identity component of G in the Lie topology. 
Note that if G is real algebraic then Go is a finite index subgroup of G. If G is a connected 
semisimple Lie group then the adjoint group, Ad(G), is of finite index in the real algebraic 
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group Aut( g). We define the Zariski topology on G to be the pullback to G (by the adjoint 
homomorphism) of the Zariski topology on Ad(G). 
LEMMA 3.1. Let G be a connected Lie group, r a closed subgroup such that e( G/T) > 2, 
and H a closed subgroup of G containing r and having finitely many connected components. 
Then G/H is compact and e(Ho/(Ho n r)) 2 e(G/T). 
Proof: By Lemma 2.2 we have e(G/(H,, n I)) 2 e(G/r), so replacing I by Ho n r we 
may assume that H is connected. Since e( G/T) > 2 by hypothesis, and e( G/H) I 2 by [ 11, 
applying Lemma 2.2 to the locally trivial fibration H/T + G/T + G/H shows that G/H is 
compact and e(H/r) 2 e( G/T). 0 
LEMMA 3.2. Let G be a connected solvable Lie group, and r c G a closed subgroup. Then 
e(G/T) I 2. 
Proof: (compare [ 16, 3.11). We argue by induction on the dimension of G. The case 
dim G = 1 is trivial. If I is contained in a proper closed connected subgroup H c G, then 
the inductive hypothesis together with the preceding lemma imply that e( G/I) I 2. We will 
use this observation several times in the sequel. 
By passing to the universal cover of G we may assume that G is simply connected. Let 
N be the nilpotent radical of G, and let 2 be the center of N. Then 3, the Lie algebra of 2, is 
a G-submodule of g. Let c # 0 be an irreducible G-submodule of j, and let C be the 
connected subgroup of G with Lie algebra c. Then C is a normal subgroup of G. Let 
H = TC, where the bar denotes closure in the Lie group topology. Note that H = l-Ho 
since TH, is both closed and dense in H. 
Suppose dim H < dim G. Consider the fibration 
H,/(H, n r) z H/T -+ G/T -+ G/H = (G/C)/(H/C). 
Applying Lemma 2.2 together with the inductive hypothesis we conclude that e( G/I) I 2. 
We suppose then that dim H = dim G, and therefore G = H = l-C. Let U be the smallest 
connected subgroup of N containing I n N. Then U/U n r is compact [16,2.1]. We claim 
that lU is closed in G. By the definition of the quotient topology it suffices to show that 
rU/I is closed in G/I. But TU/I’ r U/(U n r) is compact, and therefore closed in G/T. Let 
H’ = l-U. Now r normalizes I n U = r n N, and therefore I normalizes U. Since C nor- 
malizes U we conclude that U is normal in G. If dim U > 0 we use the fibration 
H;/(H; n I) z H’/T + G/T -+ G/H’ E (G/U)/(H’/U) 
to conclude that e(G/I) I 2. 
We suppose then that dim U = 0, and consequently I n N = {e>. Now 
[r, r] c r n N, so r is abelian. Since c is G-irreducible and G = IC, c is also I-irreducible. 
If c is a trivial I-module then G is nilpotent, and by [16,2.1] either G/I is compact or I is 
contained in a proper connected subgroup of G. We assume therefore that c is a non-trivial 
irreducible r-module. 
The fact that G = m implies that the image of I in G/C is dense, so G/C is abelian. It 
follows that there is a decomposition g = go @ c, where go = {X E g ) Ad(y)X = X, Vy E r}. 
Let Go be the connected subgroup of G corresponding to go. Then Go is the identity 
component of Z(T), the centralizer of I in G, and is therefore closed. Now I acts 
non-trivially and irreducibly on c, and exp : c + C is a diffeomorphism, so C n Z(r) = {e}. 
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Thus Go = Z(T), and therefore r c Z(Z(T)) c Z(G’) = Go. The lemma now follows since 
Go is a proper closed connected subgroup of G containing r. 0 
LEMMA 3.3. Let G be a connected Lie group with radical R and suppose G/R hasJinite 
center. Let r be a discrete subgroup of G. Zf e(G/T) > 2 then G is unimodular. 
Proof. We argue by induction on dim G. The lemma is vacuous for dim G = 1. If r is 
contained in a proper subgroup H c G with finitely many connected components, then by 
Lemma 3.1, G/Ho is compact, and e(Ho/r) > 2. By the inductive hypothesis, Ho is uni- 
modular, and by [16, 1.93, G is unimodular. 
Let n: G --f G/R be the natural map. Let U = n(T). Then U. is solvable [16, 8.241. Let 
q, be the Lie algebra of U,. The normalizer of u. in the adjoint group of G/R is algebraic, so 
N( U,), the normalizer of U. in G/R, has finitely many components. Let H = z- ‘(N( U,)). 
Then H has finitely many components and contains r, so if H is a proper subgroup of G we 
are done by the remarks above. We may suppose therefore that H = G. It follows that U. is 
a connected normal solvable subgroup of G/R, and therefore U, = e. In particular, n(r) is 
discrete in G/R. 
Consider the fibration 
R/R n r + G/r + (Gpt)/n(r). 
Then Lemma 3.2 implies that e(R/(R n r)) 5 2, so Lemma 2.2 implies that R/(R n r) is 
compact. Thus R is unimodular by [16, 1.93. It follows that G is unimodular. 0 
We will need the following theorem of Dani, which is a generalization of the Bore1 
density theorem. 
THEOREM 3.4. (Dani [6]). Let G be a connected real algebraic group, H an algebraic 
subgroup of G, and p a probability measure on GJH. Let G, be the stabilizer of p and J,, the 
kernel of the action of G on G/H. Then G, and J, are algebraic subgroups of G and Jp is 
a cocompact normal subgroup of G,. 
COROLLARY 3.5. Let G be a connected real algebraic group, r a closed Lie subgroup of G. 
Zf G/T hasjinite invariant measure then the Zariski closure of r contains a cocompact normal 
algebraic subgroup of G. 
COROLLARY 3.6. Let G be a connected real algebraic group. Zf H is a unimodular 
cocompact algebraic subgroup of G then H contains a cocompact normal algebraic subgroup of 
G, and G is unimodular. 
Proof: The unimodularity of H implies that the homogeneous space G/H carries 
a semi-invariant measure [16, 1.43, which is necessarily invariant since G/H is compact. Let 
J be the kernel of the action of G on G/H. Then J = ngEo gHg- ’ c H, and by Theorem 3.4, 
J is a cocompact normal algebraic subgroup of G C 
THEOREM 3.7. Let G be a connected real algebraic group. Zf r is a discrete subgroup of 
Go and Go/T has more than two ends, then the Zariski closure of r contains a cocompact 
normal subgroup of G, and G is unimodular. 
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Proof Let H be the Zariski closure of I in G. Since H has only finitely many connected 
components, Lemma 3.1 implies that H is cocompact in G. Then Lemma 2.2 implies that 
e(Ho/(Ho n I)) r e( G,/T) > 2. By Lemma 3.3, H is unimodular. Then Corollary 3.6 
implies that H contains a cocompact normal subgroup of G. 0 
Remark 3.1. Note that the conclusion of unimodularity in Theorem 3.7 does not follow 
from Zariski density. Indeed, there exist non-unimodular eal algebraic groups with Zariski 
dense discrete subgroups. See Example 4.4 below. 
COROLLARY 3.8. Let G be a connected real algebraic group such that the reductive Levi 
component of G has no compact normal subgroup of positive dimension. Zf r is a discrete 
subgroup of G,, and Go/T has more than two ends then r is Zariski dense in G. 
COROLLARY 3.9. Let G be a connected semisimple real Lie group with finite center and 
without compact factors. Let r be a discrete subgroup of G. Let p : G + GL(n, Iw) be any 
representation of G withjnite kernel. If the Zariski closure of p( I’) does not coincide with the 
Zariski closure of p(G), then G/T has at most two ends. 
Proof The image p(G) is the connected component in the Lie topology bf its Zariski 
closure [16, Preliminaries]. Thus p(G)/p( I) has at most two ends. The kernel of p is in the 
center of G, and therefore finite, so 
G/l- -+ AG)lP(I-) 
is a finite regular covering, and therefore has at most finitely many ends. By Lemma 2.3, it 
has at most two ends. 0 
To conclude this section we consider quotients of reductive groups by non-discrete 
subgroups. Recall that if G is a reductive, real algebraic group and P c G is a parabolic, 
then PO has a Langland’s decomposition PO = MAN. Let L be the product of the non- 
compact simple factors of M, and E the product of the compact simple factors of M. The 
decomposition PO = LEAN is called a refined Langland’s decomposition of PO. 
THEOREM 3.10. Let G be a reductive real algebraic group and H a closed subgroup of Go. 
If Go/H has more than two ends, then there is a unique parabolic P c G containing H such that 
the Zariski closure of H contains a cocompact, normal, algebraic subgroup of P. Moreover, if 
PO = LEAN is the refined Langland’s decomposition then there is a closed connected normal 
subgroup X of L and a closed connected subgroup Y of EA, with HO = XYN. 
Proof Let H* be the intersection of the Zariski closure of H with Go. Then by Lemma 
3.1, H* is cocompact in G. But H,* has finite index in H*, so H,* is cocompact in G. Then 
[20] implies that there is a unique parabolic subgroup P containing H,* such that H* 
contains a cocompact, normal, algebraic subgroup of P. Moreover, if PO = LEAN is 
a refined Langland’s decomposition of PO then H,* 2 LAN. 
The subgroup H n H,* has finite index in H, so by replacing H with H n H,* we may 
assume that H c H,* (cf. the proof of Lemma 3.1.). Lemma 2.2 applied to the fibration 
H;/H --, Go/H + Go/H,* implies that H,*/H has more than two ends. Now 
Hz/H g (H,*/H,)/(H/Ho), and H/H, is discrete, so Corollary 3.3 implies that H*/H,, is 
unimodular. Let U be the unipotent radical of Ho. Then U is normal in H* (since HO is), so 
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U c N. But H,/U is unimodular, so Hg/U is unimodular, and H;f/U z LA(NIU). Now 
using the fact that A acts on the Lie algebra of N with positive eigenvalues of modulus 
greater than 1, it follows that N/U is trivial, i.e., Ho I N. The existence of the subgroups 
X and Y then follows from the fact that H,,/N is connected subgroup of LEA, and is 
normalized by L. 0 
4. EXAMPLES AND QUESTIONS 
LEMMA 4.1. Let G = PSL(2, Iw). Then for any k E f+J u ( 0~) }, there is a Zariski dense, 
discrete subgroup I-+, c G such that e(G/T,J = k. 
Proof (See [l, Section 23). If A is a closed, totally disconnected subset of the complex 
plane C, then X = @\A is a Riemann surface with e(A) = k = card(A) + 1 ends. If 
curd(A) > 1, then X is uniformized by the unit disk, so the unit tangent bundle of X is 
a homogeneous pace of G with discrete isotropy I,; since e(X) 2 3, we conclude from 
Theorem 3.7 (or a simple discrete argument) that I, is Zariski dense. The remaining cases 
are k = 0, 1 or 2. These cases can be obtained from the unit tangent bundle of a closed 
Riemann surface of genus 2 2 with 0, 1, or 2 points removed. 0 
Note that in the preceding lemma the cardinality of k may be either countably infinite or 
uncountable. Note also that if y is a non-trivial parabolic or hyperbolic element of 
PSL(2, [w), then PSL(2, [w)/(y) has two ends, but (y) is not Zariski dense. Here is another 
example in which the quotient has two ends. 
Example 4.1. Let G = PSL(2, [w) and let x be a closed orientable surface of genus at 
least two and a : rrl (C) + G be a discrete cocompact embedding; we identify x1(x) with its 
image in G. Let 4 : 7c1 (C) + Z be a surjective homomorphism and let I = ker (6. Then G/I 
is the unit tangent bundle of an infinite cyclic cover of C, so G/I has exactly two ends and 
infinite volume. If I were not Zariski dense it would be contained in a parabolic subgroup 
of G, which is clearly not the case. Thus I is Zariski dense in G. 
Example 4.2. Let G and IO3 be as in Lemma 4.1. If we consider I as a discrete subgroup 
of G x S’ we see that I is not Zariski dense but G x S’/I’ has infinitely many ends. Therefore 
the hypothesis in Corollary 3.8 that the reductive Levi component have no compact factors 
cannot be removed. 
Example 4.3. Let G = SL(n, [w), n 2 3, and let P be the parabolic stabilizing the flag 
Iw2 c IF’. Then PO has a refined Langland’s decomposition 
PO = (SL(2, Iw) x SL(n - 2, [w)).Iw+ .N 
where N is the unipotent radical of P. Let I, c SL(2, Iw) be a discrete subgroup such that 
e(SL(2, [w)/Tk) = k (see Lemma 4.1). Let x E R+, x # 1, and let A be any cocompact 
subgroup of SL(n - 2, [w). Let I = (I, x A). (x)-N. Then e(G/I) = k. We leave it to the 
reader to check that I has the structure predicted by Theorem 3.10. 
Here is an example of a non-unimodular real algebraic group with a Zariski dense 
discrete subgroup (cf. the comment after the proof of Theorem 3.7). 
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Example 4.4. Let G, C and x be as in Example 4.1, and let P be the image in G of the 
group of upper triangular matrices in SL(2, R). Note that P is not unimodular. Let 4 be 
a surjective homomorphism of ‘all (C) onto the free group on two generators Fz, and let $ be 
any homomorphism of Fz into P with a Zariski dense image (any homomorphism with 
a non-abelian image will work). Let r be the image in G x P of nl(c) by the diagonal 
embedding tl x (+ 0 4). It is a straightforward exercise to show that r is Zariski dense in 
G x P (note that ker(4) is Zariski dense in G). 
Sullivan [lS] has shown that if r is a finitely generated discrete subgroup of 
G = SL(2, C), then G/T has only finitely many cusps, and therefore only finitely many ends 
(in fact, as Sullivan observes, finiteness of the number of ends holds for any 3-manifold with 
finitely generated fundamental group and contractible cover). Kapovich [ 133 announced 
that this phenomenon does not hold in higher dimensions, namely, there is a finitely 
generated, discrete (Zariski dense) subgroup r of SO(4, 1) such that SO(4, 1)/r has infinitely 
many cusps. The original example had cusps of rank one, and therefore finitely many ends. 
In response to a question generated by the present article, Kapovich informed me that he 
has generalized his example to produce a finitely generated r such that SO(4,l)/r has 
infinitely many ends. These examples rely heavily on rank-one techniques. It is unknown 
whether such examples exist in SU(n, l), for example. It is also unknown whether such 
examples exist in simple groups of R-rank 2 2. More generally, we pose the following 
question. 
QUESTION 4.2. Let G be a connected topological group with property (T), and let r be 
a finitely generated discrete subgroup of G. Is it possible that G/T has injinitely many ends? 
This question is suggested in part by the fact (see [7]) that a group with property (T) 
does not act without fixed points on a tree, in part by the results of [17], and in part by the 
results of [S, Section 71. (Note, however, that a connected group G acts trivially on the ends 
of any space on which it acts, since the space of ends is totally disconnected.) 
We conclude this section with some general remarks about ends of G/T for arithmetic 
subgroups r. (We are grateful to the referee for suggesting that we include these.) 
Let G be the identity component (in the Lie topology) of a real algebraic group, 
K a maximal compact subgroup of G, and r c G a discrete subgroup. Let X = G/K. Then 
e( G/T) = e(X/T). We shall assume that r is torsion-free so that X/I’ is a K(T, 1) and an 
orientable manifold. It follows from the Poincare duality H”-‘(M) z (Hi(M))* and 
Remark 2.2(4) of section 2 that if e( G/r) 2 2 then the cohomological dimension cd(T) is 
equal to dim(X) - 1. 
Assume now that G is the identity component of the real points of an almost Q-simple 
Q-group and r is a torsion-free arithmetic lattice in G. Then cd(T) = dim(X) - &o(G) 
[3,11.4.3]. Thus G/I’ has one end if rk,( G) 2 2. On the other hand, if rk,( G) = 1 then there 
are T’s such that G/T has an arbitrarily large, but finite, number of ends (in fact, in this case 
the compactification described in [3] is just the end compactification of X/T). 
In general, if G is a simple real algebraic group, it may not be possible to realize G as the 
real points of a Q-group of Q-rank 1. This is the case, for example, for G = SO(p, q), 
p + q 2 7 and odd, and p, q 2 2 (this follows from the classification of semisimple algebraic 
groups, Hasse’s principle, and the fact that there are no anisotropic quadratic forms of 
dimension > 4 over the p-adics). We do not know whether such groups contain discrete 
subgroups A such that G/A has more than one end. 
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Finally, we mention the work of Margulis and Soifer [ 151, who construct infinite index, 
maximal subgroups of arithmetic lattices in semisimple groups. We do not know whether 
any of these subgroups yield quotients with more than two ends. 
5. LOCALLY FREE ACTIONS 
We apply the results of Section 2 to study minimal sets of locally free actions in 
codimension one. 
Let M be a smooth manifold and G a Lie group acting smoothly on M. The action is 
said to be IocaIlyfiee if for each x E M, the stabilizer G, of x is a discrete subgroup of G. The 
associated foliation of M by orbits of G is called the orbitfoliation of the action. The action 
has dimension one if every orbit has codimension one. If (M, 9) is a compact foliated 
manifold, then a minimal set of the foliation is a minimal closed, F-saturated subset of M. If 
the foliation has codimension one then by a classical result of foliation theory (see [ 11, p. 
SO]) a minimal set is one of the following types: 
(1) a compact leaf 
(2) M, and every leaf is dense 
(3) a closed, nowhere dense subset of M. 
Minimal sets of type (3) are called exceptional minimal sets. We recall the following result of 
Duminy, which unfortunately remains unpublished (but see also [4]). 
THEOREM 5.1. (Duminy [8]). Let (M, F) be a codimension-one, C2 foliated compact 
manifold. Zf (M, 9) has an exceptional minimal set then it has at least one leaf containing 
infinitely many ends. 
Applying our result to this situation we obtain the following corollary. 
COROLLARY 5.2. Let G be a connected real algebraic group. Suppose GO acts locally freely 
(C’) on a compact mani$old M with orbits of codimension one. Then at least one of the 
following is true: (1) every orbit is dense, or (2) the Zariski closure of the stabilizer of some point 
contains a cocompact normal algebraic subgroup of G. 
Proof Let 9 be the orbit foliation. If 9 has a compact orbit then that orbit is 
diffeomorphic to Go/G,, so G, is a cocompact lattice in Go, and by Corollary 3.5, the Zariski 
closure of G, contains a cocompact normal algebraic subgroup of G. If 9 has an 
exceptional minimal set the result follows from Duminy’s theorem together with Theorem 
3.7. Otherwise, every orbit is dense. 0 
COROLLARY 5.3. (Hector et al. [12]). Let G and M be as above. Zf G is simply connected, 
nilpotent and not defined over Q, then every orbit is dense. 
Proof If G is simply connected and nilpotent, it has a discrete, Zariski dense subgroup if 
and only if it is defined over Q [14], so the assertion follows from the preceding lemma and 
Theorem 3.7. Cl 
240 Garrett Stuck 
COROLLARY 5.4. Let G be a connected non-unimodular Lie group acting locallyfieely (C2) 
on a compact manifold M with orbits of codimension one. Then each orbit is dense, and has one 
or two ends. 
ProoJ If G is non-unimodular then by Lemma 3.3 every orbit has at most two ends. On 
the other hand, a non-unimodular group does not contain a lattice, so the result follows 
from Duminy’s theorem. 0 
The preceding corollary is due to Ghys [lo] in the particular case of the affine group of 
the real line. 
COROLLARY 5.5. Let G be a connected real algebraic group and let r be a uniform lattice in 
G. Suppose r acts by C2 difleomorphisms on S’. Then at least one of the following is true: (1) 
every orbit is dense, or (2) the Zariski closure of the stabilizer of some point contains 
a cocompact normal algebraic subgroup of G. 
Proof: Let M = G xr S’. Then M is compact and G acts locally freely with codimension 
one on M. The stabilizer of a point x E M is conjugate to the stabilizer in r of a point in S’. 
The result now follows from a straightforward application of Corollary 5.2. 0 
COROLLARY 5.6. Let G be a connected semisimple Lie group withjinite center and without 
compact factors. Let r be a uniform lattice in G. Suppose r acts by C2 difleomorphisms qn S’. 
Then at least one of the following is true: (1) every orbit is dense, or (2) the stabilizer of some 
point is Zmiski dense in G. 
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